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!BSTRACT

4HIS REPORT DEALS WITH PILOT
BASED CHANNEL ESTIMATION IN WIRELESS /&$- SYSTEMS� 7E
ASSUME THAT THE RECEIVER IS ABLE TO USE ALL TRANSMITTED PILOTS� WHICH IS THE CASE IN BROAD

CASTING AND IN THE DOWNLINK OF A MULTIUSER SYSTEM� &OUR ESTIMATORS �OF WHICH TWO HAVE
BEEN PROPOSED IN THE LITERATURE	 ARE COMPARED� BOTH IN TERMS OF MEAN
SQUARED ERROR
AND BIT
ERROR RATES� )N THE LATTER CASE� WE SIMULATE A MULTIUSER SYSTEM WHICH INCORPO

RATES CHANNEL CODING� 4HE CHANNEL ESTIMATION IS A TWO
DIMENSIONAL PROBLEM �TIME AND
FREQUENCY	� AND BOTH SEPARABLE AND NON
SEPARABLE ESTIMATORS ARE INVESTIGATED� 7E DE

SIGN LOW
RANK APPROXIMATIONS OF THESE ESTIMATORS� AND COMPARE THE PERFORMANCE AT GIVEN
COMPLEXITIES� 4HE COMPARISON SHOWS THAT THE USE OF SEPARABLE ESTIMATORS INCREASES THE
PERFORMANCE SUBSTANTIALLY� COMPARED TO NON
SEPARABLE ESTIMATORS WITH THE SAME COM

PLEXITY� &OR THE SCENARIO INVESTIGATED IN THIS REPORT THE PERFORMANCE IS FURTHER IMPROVED
BY APPLYING LOW
RANK APPROXIMATIONS SEPARABLE ESTIMATORS�





#HAPTER �

)NTRODUCTION

7IRELESS ORTHOGONAL FREQUENCY
DIVISION MULTIPLEXING �/&$-	 IS CURRENTLY USED AND PRO

POSED FOR SEVERAL BROADCASTING APPLICATIONS� 4HE %UROPEAN STANDARD FOR DIGITAL AUDIO
BROADCAST �$!"	 ;�= USES /&$- WITH DIdERENTIAL PHASE
SHIFT KEYING �$03+	� 4HIS IS
SUITABLE FOR LOW BIT
RATE SYSTEMS� BUT WHEN HIGHER BIT
RATES ARE REQUIRED� MULTIAMPLI

TUDE MODULATION IS MORE APPROPRIATE� 0ROPOSALS FOR DIGITAL VIDEO BROADCASTING ;�� �=
HAVE INCLUDED MULTIAMPLITUDE MODULATION /&$-� 4HESE SCHEMES CAN BE MADE DIdEREN

TIAL� WHICH OdERS THE ADVANTAGE OF AVOIDING CHANNEL ESTIMATION� $IdERENTIAL AMPLITUDE
AND PHASE SHIFT KEYING �$!03+	 ;�= IS AN EXAMPLE OF THIS APPROACH� )N $!03+� HOW

EVER� THE CONSTELLATION POINTS ARE NON
UNIFORMLY DISTRIBUTED IN THE SIGNAL SPACE� WHICH
REDUCES PERFORMANCE� 4HERE MAY ALSO BE METRIC DIbCULTIES CONCERNING DECODING� #O

HERENT MODULATION� ON THE OTHER HAND� GIVES BETTER PERFORMANCE� BUT BECAUSE OF THE
NECESSARY CHANNEL ESTIMATION� IT REQUIRES MORE COMPLEXITY AT THE RECEIVER� )T IS OF INTER

EST� THEREFORE� TO INVESTIGATE THE PERFORMANCE OF COHERENT /&$- SYSTEMS USING CHANNEL
ESTIMATORS WITH DIdERENT LEVELS OF COMPLEXITY� )N THIS PAPER WE ANALYZE LOW
COMPLEXITY
COHERENT DEMODULATION RECEIVER SCHEMES SUITABLE FOR HIGH BIT
RATE /&$-�

/NE WAY OF ESTIMATING THE CHANNEL IN A âAT FADING ENVIRONMENT IS TO MULTIPLEX PILOTS
�KNOWN SYMBOLS	 INTO THE TRANSMITTED SIGNAL� &ROM THESE SYMBOLS� ALL CHANNEL ATTENU

ATIONS ARE ESTIMATED WITH AN INTERPOLATION çLTER� 4HIS TECHNIQUE IS CALLED PILOT
SYMBOL
ASSISTED MODULATION �03!-	 AND WAS INTRODUCED FOR SINGLE
CARRIER SYSTEMS BY -OHER
AND ,ODGE ;�= AND ANALYZED BY #AVERS ;�=� 3INCE EACH SUBCHANNEL IN /&$- IS âAT FAD

ING� 03!- CAN BE GENERALIZED TO TWO DIMENSIONS WHERE PILOTS ARE TRANSMITTED IN CERTAIN
POSITIONS IN THE TIME AND FREQUENCY GRID OF /&$-� 4HE CHANNEL ESTIMATION IS THEN PER

FORMED BY A TWO
DIMENSIONAL INTERPOLATION� (¶HER ;�= PROPOSES TO USE çNITE IMPULSE
RESPONSE �&)2	 çLTERS FOR THIS AND TO SEPARATE THE USE OF TIME
 AND FREQUENCY CORRELATION�
(E ARGUES THAT THIS IS A GOOD TRADE
Od BETWEEN COMPLEXITY AND PERFORMANCE�

4HE SPACING OF PILOT SYMBOLS IN 03!- FOR SINGLE
CARRIER SYSTEMS WAS INVESTIGATED IN
;�=� )T WAS FOUND THAT THE OPTIMUM SPACING WAS SOMEWHAT CLOSER THAN THE .YQUIST RATE�
I�E�� THE INVERSE OF THE BANDWIDTH OF THE CHANNEL COVARIANCE FUNCTION� 7E GENERALIZE THIS
RESULT TO TWO DIMENSIONS FOR THE /&$- TIME
FREQUENCY GRID� 5SING A DENSE PILOT PATTERN
MEANS THAT THE CHANNEL IS OVERSAMPLED� IMPLYING THAT LOW
RANK ESTIMATION METHODS ;�=
CAN WORK WELL� 4HIS TYPE OF LOW
COMPLEXITY ESTIMATION PROJECTS THE OBSERVATIONS ONTO A
SUBSPACE OF SMALLER DIMENSION AND PERFORMS THE ESTIMATION IN THAT SUBSPACE� "Y OVER


�



SAMPLING THE CHANNEL� I�E�� PLACING THE PILOT SYMBOLS CLOSE TO EACH OTHER� THE OBSERVATIONS
ESSENTIALLY LIE IN A SUBSPACE AND LOW
RANK ESTIMATION IS VERY EdECTIVE�

)N THIS REPORT WE PRESENT AND ANALYZE PILOT
BASED /&$- CHANNEL ESTIMATORS THAT RELY
ON BOTH TIME AND FREQUENCY CORRELATION OF THE FADING CHANNEL� 4HE ESTIMATORS ARE LINEAR
AND FEEDFORWARD� I�E�� NO DECISION DIRECTION OR FEEDBACK IS USED� 7E DIVIDE THEM INTO TWO
CLASSES� �
DIMENSIONAL ��
$	 AND SEPARABLE ESTIMATORS� 4HE LATTER USES �
DIMENSIONAL
��
$	 INTERPOLATION çLTERS IN THE TIME AND FREQUENCY DIRECTIONS SEPARATELY� )N EACH CLASS�
WE COMPARE A &)2 7IENER çLTER ;�= WITH A LOW
RANK APPROXIMATION OF THE LINEAR MINI

MUM MEAN
SQUARED ERROR �,--3%	 ESTIMATOR ;�=� 4HE ESTIMATORS ARE COMPARED BOTH IN
TERMS OF MEAN
SQUARED ERROR �-3%	 AND CODED BIT
ERROR RATE �"%2	� 4HE SYSTEM AND THE
SCENARIO ARE INTRODUCED IN 3ECTION �� 4HE ESTIMATORS ARE DESCRIBED IN 3ECTION � AND THEIR
PERFORMANCE IS PRESENTED IN 3ECTION �� BOTH IN TERMS OF MEAN
SQUARED ERROR AND CODED
BIT
ERROR RATE� &INALLY� IN 3ECTION � WE PRESENT CONCLUSIONS�

�



#HAPTER �

3YSTEM DESCRIPTION

��� /&$- SYSTEM
)N THIS REPORT WE CONSIDER AN /&$- SYSTEM OPERATING IN A 2AYLEIGH FADING CHANNEL
ENVIRONMENT� 4HIS SYSTEM USES A CYCLIC PREçX ;��=� WHICH IS A COPY OF THE LAST PART OF THE
/&$- SYMBOL AND ACTS AS A GUARDSPACE BETWEEN CONSECUTIVE /&$- SYMBOLS� (ENCE�
IF THE IMPULSE RESPONSE OF THE CHANNEL IS SHORTER THAN THE CYCLIC PREçX� INTER
SYMBOL
INTERFERENCE �)3)	 IS AVOIDED� &URTHERMORE� IF THE CHANNEL IS ASSUMED CONSTANT DURING ONE
/&$- SYMBOL� INTER
CARRIER INTERFERENCE �)#)	 IS ALSO AVOIDED ;��=�

)N &IGURE ���A A SCHEMATIC VIEW OF THE BASE
BAND /&$- SYSTEM IS SHOWN� 4HE MOD


&IGURE ���� /&$- SYSTEM� �A	 "ASE
BAND MODEL� �B	 PARALLEL SUBCHANNELS MODEL� Ú#0Ú

AND Ú#0Úb DENOTE THE INSERTION AND DELETION OF THE CYCLIC PREçX� RESPECTIVELY�

�



ULATION ON - SUBCARRIERS IS PERFORMED BY AN INVERSE DISCRETE &OURIER TRANSFORM �)$&4	 IN
THE TRANSMITTER ;��=� 3IMILARLY� DEMODULATION IS DONE WITH A DISCRETE &OURIER TRANSFORM
�$&4	 IN THE RECEIVER� 4HE EdECTIVE SYMBOL LENGTH IS 3 � -3

R

� WHERE 3
R

IS THE SAMPLING
PERIOD OF THE SYSTEM� !DDING A CYCLIC PREçX �#0	 WITH A LENGTH OF 3

&

� +3
R

MAKES THE
TOTAL SYMBOL LENGTH 3 
 3

&

� )F )3) AND )#) ARE ELIMINATED� WE CAN DESCRIBE THE SYSTEM
AS A SET OF PARALLEL 'AUSSIAN CHANNELS ;��=� SHOWN IN &IGURE ���B� WITH CORRELATED CHANNEL
ATTENUATIONS
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t
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u
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WHERE & �a� IS THE FREQUENCY RESPONSE OF THE CHANNEL F �~� DURING THE /&$- SYMBOL� 4HE
RECEIVED SIGNAL X

J

ON SUBCHANNEL J CAN THUS BE DESCRIBED AS

X
J

� G
J

W
J


 M
J

� ����	

WHERE W
J

IS THE TRANSMITTED DATA SYMBOL AND M
J

THE CHANNEL NOISE AT SUBCARRIER J� 4HE
RELATION ����	 HOLDS FOR EVERY /&$- SYMBOL� THUS CREATING A TWO
DIMENSIONAL GRID WITH
FREQUENCY �SUBCARRIERS	 ON ONE AXIS AND TIME �/&$- SYMBOLS	 ON THE OTHER�

��� 3CENARIO

4HE CHANNEL ESTIMATION IS BASED ON PILOTS TRANSMITTED AT CERTAIN POSITIONS IN THE TIME

FREQUENCY GRID OF THE /&$- SYSTEM� 4HE CHANNEL ATTENUATIONS ARE ESTIMATED BY MEANS
OF INTERPOLATION BETWEEN THESE PILOTS� WHERE WE ASSUME THAT THE CHANNEL ESTIMATORS CAN
USE ALL TRANSMITTED PILOTS� 4HIS IS THE CASE IN� E�G�� BROADCASTING OR IN THE DOWNLINK OF
A MULTIUSER SYSTEM� )N BOTH THESE CASES THERE IS ONLY ONE PHYSICAL CHANNEL BETWEEN THE
TRANSMITTER AND THE RECEIVER� 4HUS CHANNEL ATTENUATIONS IN NEIGHBORING TIME
FREQUENCY
GRIDPOINTS ARE HIGHLY CORRELATED� A FEATURE THAT CAN BE USED FOR CHANNEL ESTIMATION� )N THE
UPLINK OF A MULTIUSER SYSTEM ON THE OTHER HAND� EACH USER HAS THEIR OWN PHYSICAL CHANNEL�
SO CHANNEL ATTENUATIONS STEMMING FROM DIdERENT MOBILE TRANSMITTERS MUST BE ASSUMED
TO BE UNCORRELATED� 4O ESTIMATE THE ATTENUATIONS FOR ONE USER� ONLY PILOTS TRANSMITTED BY
THAT USER CAN BE USED� 4HUS� THE UPLINK IS QUITE DIdERENT FROM OUR SCENARIO AND WILL NOT
BE CONSIDERED HERE�

4HE INVESTIGATED /&$- SYSTEM HAS A BANDWIDTH OF � -(Z AND IS OPERATING IN THE
��� '(Z FREQUENCY BAND� 4HE NUMBER OF SUBCARRIERS IS - � ����� WHICH MAKES THE
EdECTIVE SYMBOL LENGTH ���xS� 4HE ENVIRONMENT IS A MACROCELL WHICH IS ASSUMED TO HAVE
A MAXIMUM DELAY SPREAD OF �� xS AND A MAXIMUM$OPPLER FREQUENCY OF ���(Z� 4HUS� THE
MAXIMUM $OPPLER FREQUENCY RELATIVE TO THE INTER
CARRIER SPACING IS E

#�MAX
� � �� WHICH

CORRESPONDS TO A VEHICLE SPEED OF ��� KM�H� 4HE POWER DELAY PROçLE IS EXPONENTIALLY
DECAYING WITH ROOT MEAN SQUARE �2-3	 WIDTH ~

RMS
� ���xS� 4O ELIMINATE )3)� WE USE A

GUARD SPACE OF �� xS WHICH CORRESPONDS TO + � �� SAMPLES� 4HE LENGTH OF THE /&$-
SYMBOL IS ��� 
 �� � ��� xS WHICH MAKES THE RELATIVE SIZE OF THE GUARD SPACE ���
4HE CORRESPONDING 2-1 LOSS IS ��� D"� /UR SYSTEM MODEL ASSUMES THAT THE CHANNEL IS
CONSTANT DURING AN /&$- SYMBOL� )N REALITY )#) OCCURS DUE TO CHANNEL FADING DURING THE
TRANSMISSION OF AN /&$- SYMBOL ;��� ��=� (OWEVER� WITH A MAXIMUM RELATIVE $OPPLER

�



FREQUENCY OF ��� THE SIGNAL
TO
)#) RATIO IS �� D" ;��=� 4HIS IS NEGLIGIBLE IN THE 2-1 RANGES
WE ARE LOOKING AT� AND CONSEQUENTLY WE IGNORE THE )#) AND USE THE MODEL IN ����	�

)NTERLEAVING IS PERFORMED SEPARATELY IN FREQUENCY AND TIME OVER A FRAME CONSISTING
OF �� /&$- SYMBOLS� 4HIS CORRESPONDS TO A MAXIMUM DELAY OF ���� MS� &IRST� INTER

LEAVING IN FREQUENCY IS DONE BY PLACING CONSECUTIVE DATA SYMBOLS �� SUBCARRIERS APART�
)NTERLEAVING IS THEN PERFORMED IN TIME WITH A UNIQUE PATTERN FOR EACH SUBCARRIER� 4HESE
PATTERNS ARE RANDOM PERMUTATIONS AND CHANGED EVERY FRAME� "Y HAVING DIdERENT INTER

LEAVING PATTERNS ON ALL SUBCARRIERS� CHANNEL ATTENUATIONS ARE INTERLEAVED IN BOTH TIME AND
FREQUENCY� 4HIS PRODUCES AN ALMOST PERFECT INTERLEAVING WITH NO SIGNIçCANT PERFORMANCE
LOSS�

&OR ERROR CORRECTION� A RATE ��� CONVOLUTIONAL CODE WITH THE OCTAL POLYNOMIALS ����� ����
IS USED� I�E�� THE CODE POLYNOMIALS ARE ;��=
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4HE CONSTRAINT LENGTH IS M
$

� � AND A TAIL OF M
$


 � � � ZEROS IS APPENDED TO CLEAR THE
ENCODERÚS MEMORY� 4HE RECEIVER USES A SOFT
DECISION 6ITERBI DECODER WITH A TRUNCATED
MEMORY LENGTH OF �M

$

� �� BITS� 4HE BITS ARE MODULATED USING "03+ IN EACH DIMENSION
AND THE INPHASE AND QUADRATURE PARTS ARE CONCATENATED TO FORM 103+ SYMBOLS� 4HIS
MAKES THE DATA RATE OF THE SYSTEM ��� -BIT�S�

��� #HANNEL MODEL

)N OUR ANALYSIS WE USE THE WIDE
SENSE STATIONARY UNCORRELATED SCATTERING �73353	 CHANNEL
MODEL INTRODUCED IN ;��=� "Y CONSIDERING THE CHANNEL TO BE CONSTANT OVER ONE /&$-
SYMBOL� THE INSTANTANEOUS FREQUENCY RESPONSE OF THE ,`PATH CHANNEL AT TIME S IS

& �E � S� �
�P
,

,8
M��

DI�tM
�{%#M

S`�{E~
M

�� ����	

WHERE t
M

IS THE PHASE� %
#
M

THE $OPPLER FREQUENCY AND ~
M

THE DELAY OF THE MSG PATH� !LL
THESE PARAMETERS ARE INDEPENDENT RANDOM VARIABLES� 4O OBTAIN 2AYLEIGH FADING WITH THE
*AKESÚ SPECTRUM ;��= AND AN EXPONENTIALLY DECAYING POWER DELAY PROçLE WITH 2-3
VALUE
~
RMS

� WE CHOOSE THE PROBABILITY DENSITY FUNCTIONS AS ;��=
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�

4HE RANDOM VARIABLES %
#

AND ~ CAN EASILY BE OBTAINED FROM A UNIFORMLY DISTRIBUTED
RANDOM GENERATOR WITH OUTPUTS � :�� �< BY USING THE INVERSES OF THE DESIRED CUMULATIVE
DISTRIBUTION FUNCTIONS ;��=�
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��� 0ILOT PATTERN
"Y USING A TWO
DIMENSIONAL GENERALIZATION ;�= OF PILOT
SYMBOL ASSISTED MODULATION ;�=�
KNOWN SYMBOLS �PILOTS	 ARE TRANSMITTED ON CERTAIN POSITIONS IN THE TIME
FREQUENCY GRID�
4HE NUMBER OF PILOTS TO USE IS A TRADE
Od BETWEEN DATA RATE AND CHANNEL ESTIMATION
PERFORMANCE� (OWEVER� BY VIEWING THE CHANNEL ESTIMATION IN THE TIME
FREQUENCY GRID AS
A TWO
DIMENSIONAL INTERPOLATION� FUNDAMENTAL LIMITS ON THE DENSITY OF PILOTS CAN BE DE

RIVED� 4HE SCATTERED PILOT SYMBOLS CAN BE SEEN AS �NOISY	 SAMPLES OF THE TWO
DIMENSIONAL
STOCHASTIC SIGNAL &�E � S�� 4HESE SAMPLES HAVE TO BE PLACED CLOSE ENOUGH TO FULçL THE SAM

PLING THEOREM AND AVOID ALIASING� .OTE THAT THE EdECTIVE 3.2 IS LOWERED BY USING MANY
PILOTS� SINCE A SMALLER PART OF THE TRANSMITTED POWER IS USED FOR DATA SYMBOLS� 3INCE
&�E � S� IN ����	 IS THE &OURIER TRANSFORM OF THE CHANNEL IMPULSE RESPONSE AT TIME S �WHICH
IS ASSUMED TO BE CONSTANT FOR ONE /&$- SYMBOL	� THE AUTO
COVARIANCE FUNCTION OF &�E � S�
IS THE SPACED
FREQUENCY� SPACED
TIME CORRELATION FUNCTION �

"

OF THE CHANNEL ;��=

1
&&

�aE�aS� � $ F&�E � S�&c�E `aE � S`aS�G � �
"

�aE�aS� �

4HE BANDWIDTH OF THIS FUNCTION IS !
C

�THE $OPPLER SPREAD	 IN THE aE DIRECTION AND ~
MAX

�THE MULTIPATH SPREAD	 IN THE aS DIRECTION ;��=� &OR THE ANALYZED /&$- SYSTEM WE HAVE

!
C

� �%
#�MAX

�
�E

#�MAX

-3
R

~
MAX

� +3
R

�

WHERE E
#�MAX

IS THE MAXIMUM $OPPLER FREQUENCY RELATIVE TO THE INTER
CARRIER SPACING�
)F WE ASSUME THAT PILOTS ARE PLACED -

E

SUBCARRIERS APART IN EVERY -
S

/&$- SYMBOLS
WE HAVE

G
J�K

� &

t
J a -
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-3
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� K a-
S

�- 
 +�3
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u
SINCE THE INTER
CARRIER SPACING IS ��-3

R

AND THE DURATION OF AN /&$- SYMBOL IS �- 
 +�3
R

�
4O FULçLL THE SAMPLING THEOREM ;��= WE NEED

-
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�
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a
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�

)N THE ANALYZED SYSTEM WE HAVE - � ����� + � �� AND E
#�MAX

� ���� WHICH GIVES

-
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� ����

-
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 ��

����

a
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� �� ��

)N ;�=� WHERE 03!- FOR SINGLE
CARRIER SYSTEMS IS ANALYZED� IT IS SHOWN THAT THE "%2
CAN BE LOWERED BY PLACING THE PILOT SYMBOLS CLOSER THAN THAT SPECIçED BY THE SAMPLING
THEOREM� .OTE THAT THERE EXISTS A PILOT SPACING WHICH OPTIMIZES THE TRADE
Od BETWEEN

��



&IGURE ���� 4HE PILOT PATTERN USED IN THE SYSTEM� 0ILOT SYMBOLS ARE MARKED WITH GREY
SQUARES�

IMPROVED CHANNEL ESTIMATION AND REDUCED 3.2 ON THE DATA SYMBOLS� "Y VARYING THE
PILOT SPACINGS -

E

AND -
S

� IT WAS FOUND THAT -
E

� � AND -
S

� � WAS CLOSE TO OPTIMAL
IN TERMS OF "%2� 4HE USED PILOT PATTERN IS SHOWN IN &IGURE ���� 4HIS MEANS THAT ����
�{ ��	 OF THE BANDWIDTH AND THE TRANSMITTED POWER IS USED FOR PILOTS� .OTE THAT THE
CHANNEL IS OVERSAMPLED WHICH MEANS THAT LOW
RANK ESTIMATORS CAN BE VERY EdECTIVE ;�=�

)N OUR STUDY THE PILOT SYMBOLS HAVE THE SAME AVERAGE POWER AS THE DATA SYMBOLS�
(OWEVER A TECHNIQUE CALLED BOOSTED PILOTS CAN ALSO BE USED� WHICH IS PROPOSED FOR $6"
;�=� 4HIS MEANS THAT THE PILOT SYMBOLS ARE TRANSMITTED WITH A HIGHER AVERAGE POWER THAN
THE DATA SYMBOLS� 4HE AVERAGE 3.2 ON THE DATA SYMBOLS IS REDUCED BUT THE CHANNEL
ESTIMATES ARE BETTER SINCE THE 3.2 AT THE PILOT SYMBOLS IS INCREASED� 4HUS� BY CHOOSING
A SUITABLE POWER LEVEL FOR THE PILOT SYMBOLS� THE BIT
ERROR RATE CAN BE DECREASED�

��
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#HAPTER �

%STIMATORS

)N /&$- SYSTEMS THE OPTIMAL LINEAR ESTIMATOR IN THE MEAN
SQUARED ERROR SENSE IS A �
$
�BOTH TIME AND FREQUENCY	 çLTER� (OWEVER� THE COMPLEXITY OF THIS ESTIMATOR IS USUALLY
TOO LARGE FOR IT TO BE OF PRACTICAL USE� ! NUMBER OF SUBOPTIMAL LOW
COMPLEXITY CHANNEL
ESTIMATORS HAVE BEEN SUGGESTED IN THE LITERATURE� SEE E�G�� ;�� ��=� 7E WILL INVESTIGATE
TWO CLASSES OF ESTIMATORS� �
DIMENSIONAL AND SEPARABLE� 4HE USE OF SEPARABLE çLTERS IS
A COMMON METHOD TO REDUCE COMPLEXITY IN MULTIDIMENSIONAL SIGNAL PROCESSING ;��=� &OR
BOTH SEPARABLE AND NON
SEPARABLE ESTIMATORS WE LOOK AT &)2 7IENER çLTERS AND LOW
RANK
APPROXIMATIONS OF ,--3% ESTIMATORS� 7E COMPARE ALL ESTIMATORSÚ PERFORMANCES FOR
TWO LEVELS OF COMPLEXITY� 3INCE THEY ARE ALL LINEAR ESTIMATORS� A REASONABLE MEASURE OF
COMPLEXITY IS THE AVERAGE NUMBER OF MULTIPLICATIONS PER ESTIMATED ATTENUATION�

)N THE SEQUEL WE USE THE FOLLOWING NOTATION� 4HE BACKROTATED� OR LEASTÔSQUARES

ESTIMATED� CHANNEL ATTENUATIONS AT PILOT POSITIONS ARE DENOTED BY

O
J�K

�
X
J�K

W
J�K

�

WHERE X
J�K

IS THE RECEIVED SIGNAL AT SUBCARRIER J IN /&$- SYMBOL K AND W
J�K

IS THE COR

RESPONDING TRANSMITTED PILOT SYMBOL� 4HE çNAL ESTIMATE OF THE CHANNEL ATTENUATIONS
G
J�K

ARE LINEAR COMBINATIONS OF THE O
J�K

ÚS� WHERE THE COEbCIENTS ARE CHOSEN ACCORDING TO
EACH ESTIMATORÚS STRUCTURE� "Y ARRANGING THE AVAILABLE ,3 ESTIMATES AT PILOT POSITIONS
IN A VECTOR O AND THE CHANNEL ATTENUATIONS TO BE ESTIMATED IN A VECTOR G� THE MINIMUM
MEAN
SQUARED ERROR ESTIMATOR OF G IS ;�=

BG � 1GO1
`�

OO
O� ����	

WHERE1GO IS THE CROSS
COVARIANCE MATRIX BETWEEN G AND O� AND1OO IS THE AUTO
COVARIANCE
MATRIX OF O� $EPENDING ON THE NUMBER OF PILOTS USED AND THEIR RELATIVE LOCATIONS� THE
SIZE OF O AND THE CORRESPONDING AUTO
COVARIANCE MATRIX1OO WILL CHANGE� !LSO� DEPENDING
ON THE NUMBER OF ESTIMATED ATTENUATIONS THE SIZE OF G WILL CHANGE� &URTHERMORE� 1GO

DEPENDS ON THE RELATIVE POSITIONS BETWEEN ESTIMATED ATTENUATIONS AND THE USED PILOT
POSITIONS� "ELOW WE ADDRESS SEVERAL CHOICES ON USED PILOTS AND ESTIMATED ATTENUATIONS�

��



��� �
$ çLTERS

4HE �
$ 7IENER çLTER IS OPTIMAL IN TERMS OF -3%� IF COMPLEXITY IS NOT CONSIDERED� (OW

EVER� FOR A çXED COMPLEXITY� THE NUMBER OF çLTER TAPS THAT CAN BE USED IS QUITE SMALL� 7E
USE THIS ESTIMATOR AS A REFERENCE AND INVESTIGATE A REDUCED COMPLEXITY ESTIMATOR� WHICH
IS DERIVED USING THE THEORY OF OPTIMAL RANK
REDUCTION ;�=�

����� �
$ ESTIMATOR

)F THE ALLOWED COMPLEXITY IS * MULTIPLICATIONS PER ATTENUATION� THE TWO
DIMENSIONAL çLTER
USES THE * PILOTS CLOSEST TO THE ESTIMATED ATTENUATION� )N &IGURE ���� WE DISPLAY AN
EXAMPLE OF THE SEVEN PILOT POSITIONS USED �* � �	 TO ESTIMATE ONE CHANNEL ATTENUATION�

&IGURE ���� 4WO
DIMENSIONAL &)2 7IENER çLTER� 4HE ESTIMATED TONE �b	 IS A LINEAR
COMBINATION OF THE � PILOT TONES �d	�

&OR EVERY ESTIMATED CHANNEL ATTENUATION THERE IS A SET OF* ASSOCIATED PILOTS� /PTIMAL
WEIGHTS ARE CALCULATED ACCORDING TO ����	� &OR THE ESTIMATOR WITH THE LOWER COMPLEXITY
WE WILL USE THE � CLOSEST PILOTS AND FOR THE HIGHER COMPLEXITY� THE �� CLOSEST�

����� ,OWÔRANK �
$ ESTIMATOR

4HE LOWÔRANK �
$ ESTIMATOR IS IN A SENSE AN APPROXIMATION OF THE OPTIMAL �
$ ESTIMATOR
IN THE PREVIOUS SECTION� 4HE LOW COMPLEXITY IS ACHIEVED BY A GENERALIZATION OF THE IDEAS IN
;�=� 4O ALLOW A LOW
RANK APPROXIMATION*

G

ATTENUATIONS� G� ARE ESTIMATED SIMULTANEOUSLY
USING THE *

O

CLOSEST PILOTS� O� )F THE ATTENUATIONS TO BE ESTIMATED AND THE PILOTS USED ARE
CHOSEN PROPERLY� THE ESTIMATOR CAN BE WELL APPROXIMATED BY A LOW
RANK ESTIMATOR� THEREBY
REDUCING THE COMPLEXITY CONSIDERABLY WHILE MAINTAINING MOST OF THE PERFORMANCE� .OTE
THAT THE ESTIMATED ATTENUATIONS CAN BE CHOSEN ARBITRARILY IN THE TIME
FREQUENCY GRID� )N
&IGURE ��� AN EXAMPLE IS GIVEN FOR THE LOCATION OF ESTIMATED ATTENUATIONS �*

G

� ��	 AND
THE USED PILOT SYMBOLS �*

O

� �	�

��



&IGURE ���� 3TRUCTURE OF THE LOWÔRANK �
DIMENSIONAL ESTIMATOR� 4HE TONES TO ESTIMATE
ARE MARKED WITH �b	 AND THE PILOTS USED ARE MARKED WITH �d	�

4HE ESTIMATOR BECOMES BG � &
Q

O�

WHERE &
Q

IS A LOW
RANK 7IENER çLTER ;�=� &ROM THE SINGULAR VALUE DECOMPOSITION �36$	

1GO1
`���

OO
� 4f5' �

WHERE4 AND5 ARE UNITARY MATRICES ANDf IS A DIAGONAL MATRIX ;��=� THE LOW
RANK7IENER
çLTER IS DETERMINED BY ;�=

&
Q

� 4f
Q

5'1`���

OO
�

WHERE f
Q

IS A *
G

b *
O

DIAGONAL MATRIX CONTAINING THE Q LARGEST SINGULAR VALUES� 4HE
COMPLEXITY OF THIS ESTIMATOR IS FOUND IN !PPENDIX ! TO BE

Q

t
� 


*
O

*
G

u
����	

MULTIPLICATIONS PER ESTIMATED ATTENUATION� WHERE Q IS THE RANK OF THE ESTIMATOR �NUMBER
OF SINGULAR VALUES USED	� *

O

THE NUMBER OF PILOTS USED AND*
G

THE NUMBER OF ATTENUATIONS
TO BE ESTIMATED�

&OR THE LOWER COMPLEXITY ESTIMATOR WE CHOSE *
O

� �� PILOTS �� IN THE TIME DIRECTION
AND �� IN THE FREQUENCY DIRECTION	 AND *

G

� �� ATTENUATIONS TO ESTIMATE �� IN THE TIME
DIRECTION AND �� IN THE FREQUENCY DIRECTION	� 4HE LATTER WERE PLACED IN THE MIDDLE OF THE
FORMER IN ORDER TO EXPLOIT AS MUCH CORRELATION AS POSSIBLE� 7ITH A RANK OF Q � �� THE
NUMBER OF MULTIPLICATIONS PER ATTENUATION IS� ACCORDING TO %Q� ����	�

"
LOW

� �

t
� 


��

��

u
� ����

&OR THE HIGHER COMPLEXITY WE CHOSE �� PILOTS �� IN THE TIME DIRECTION AND �� IN THE
FREQUENCY DIRECTION	 AND �� ATTENUATIONS TO ESTIMATE �� IN THE TIME DIRECTION AND �� IN

��



THE FREQUENCY DIRECTION	� 4HE RANK USED WAS �� GIVING

"
HIGH

� �

t
� 


��

��

u
� �����

MULTIPLICATIONS PER ATTENUATION�

��� 3EPARABLE çLTERS
3INCE �
$ çLTERS IN GENERAL TEND TO HAVE A LARGE COMPUTATIONAL COMPLEXITY� THE OUTER
PRODUCT OF TWO �
$ çLTERS CAN GIVE A GOOD TRADE
Od BETWEEN PERFORMANCE AND COMPLEX

ITY� 4HIS IS A STANDARD TECHNIQUE IN MULTIDIMENSIONAL SIGNAL PROCESSING ;��= AND IT HAS
ALSO BEEN PROPOSED FOR PILOT
BASED CHANNEL ESTIMATION IN /&$- SYSTEMS ;�=� )N PILOT

BASED ESTIMATION SCHEMES� THE MAJOR ADVANTAGE IS THE LOW NUMBER OF MULTIPLICATIONS PER
USED PILOT� 4HIS ALLOWS THE ESTIMATOR TO BE BASED ON MORE PILOTS� THUS IMPROVING THE
PERFORMANCE�

"ASED ON THE PILOT PATTERN CHOSEN� THE GENERAL CONCEPT USED IN THIS REPORT IS SHOWN
IN &IGURE ���� WHERE A �
$ çLTER IS APPLIED IN THE FREQUENCY DIRECTION� 4HEREAFTER� A �
$
çLTER IS APPLIED IN THE TIME DIRECTION TO COMPLETE THE INTERPOLATION TO ALL POINTS IN THE
GRID�

&IGURE ���� 3EPARABLE çLTER BASED ON ONE
DIMENSIONAL çLTERS IN FREQUENCY ��	 AND TIME
��	 DIRECTIONS� &ILTERING IN THE FREQUENCY DIRECTION ��	 IS PERFORMED çRST�

7E INVESTIGATE BOTH AN ESTIMATOR BASED ON THE PROPOSAL IN ;�= AND A VARIANT THEREOF�
WHICH ALLOWS THE USE OF MORE PILOTS BY A LOW
RANK APPROXIMATION IN THE FREQUENCY DIREC

TION�

����� 3EPARABLE &)2 çLTERS

4HE USE OF SEPARATE �
$ &)2 çLTERS IN THE TIME AND FREQUENCY DIRECTIONS HAS BEEN PROPOSED
BY (¶HER IN ;�=� &IRST� ALL ATTENUATIONS IN /&$- SYMBOLS CONTAINING PILOTS ARE ESTIMATED�

��



4HIS IS DONE WITH A &)2 7IENER çLTER OF LENGTH *
E

� 4WO ATTENUATIONS ON DIdERENT
POSITIONS RELATIVE TO THE PILOTS WILL NEED DIdERENT çLTERS� SO THERE WILL BE -

E

DIdERENT
çLTERS FOR THIS ESTIMATION� .OTE THAT THESE çLTERS ARE NON
CAUSAL IN THE SENSE THAT THEY
WILL USE PILOTS ON BOTH SIDES OF THE ESTIMATED ATTENUATION IN ORDER TO EXPLOIT THE CLOSEST
PILOTS� !FTER THIS PROCEDURE THERE WILL BE ESTIMATES OF ALL ATTENUATIONS IN EVERY- SG

S

/&$-
SYMBOL� &)2 7IENER çLTERS OF LENGTH *

S

ARE NOW USED IN THE TIME DIRECTION TO OBTAIN
ESTIMATES OF ALL ATTENUATIONS� (ERE THERE WILL BE -

S

` � DIdERENT çLTERS� DEPENDING ON
WHICH ATTENUATION IS ESTIMATED� 4HESE çLTERS CAN BE NONCAUSAL� WHICH WILL INTRODUCE A
DELAY IN THE SYSTEM� )F THIS DELAY CANNOT BE ACCEPTED� CAUSAL çLTERS MUST BE USED�

4HE TOTAL NUMBER OF MULTIPLICATIONS PER ESTIMATED ATTENUATION IS

*
E

-
S


*
S

SINCE THE FREQUENCY
DIRECTION çLTER HAS TO BE APPLIED IN ONLY ONE OUT OF EVERY -
S

/&$-
SYMBOLS� 4HIS FACT CAN BE USED IN THE DESIGN OF THE çLTERS SINCE THE FREQUENCY
DIRECTION
çLTER TAPS ARE CHEAPER IN TERMS OF COMPLEXITY� "Y REDUCING THE NUMBER OF TAPS IN THE TIME
DIRECTION çLTER BY ONE� -

E

TAPS CAN BE ADDED TO THE FREQUENCY DIRECTION çLTER WITHOUT
CHANGING THE TOTAL COMPLEXITY�

&OR THE LOWER COMPLEXITY WE USED � TAPS IN THE FREQUENCY çLTER AND � TAPS IN THE TIME
çLTER� 4HIS RESULTS IN

"
LOW

�
�

�

 � � ����

MULTIPLICATIONS PER ATTENUATION� &OR THE HIGHER COMPLEXITY� �� AND � TAPS WERE USED FOR
THE FREQUENCY AND TIME çLTERS� RESPECTIVELY� 4HIS MEANS A COMPLEXITY OF

"
HIGH

�
��

�

 � � �����

MULTIPLICATIONS PER ATTENUATION�

����� ,OW
RANK SEPARABLE çLTER

"Y USING OBSERVATIONS FROM ;�=� WHERE LOW
RANK APPROXIMATIONS OF CHANNEL ESTIMATORS ARE
PRESENTED� WE REPLACE ONE OF THE &)2 çLTERS IN THE ESTIMATOR PROPOSED BY (¶HER� )NSTEAD OF
&)27IENER çLTERS IN BOTH DIRECTIONS� A LOW
RANK APPROXIMATION OF THE FREQUENCY DIRECTION
,--3% ESTIMATOR IS USED IN COMBINATION WITH THE TIME DIRECTION &)2 çLTER� (ENCE� A
FREQUENCY DIRECTION çLTERING IS PERFORMED FOR EACH /&$- SYMBOL CONTAINING PILOTS� !N
OBVIOUS WAY OF DOING THIS çLTERING IS TO ESTIMATE ALL ATTENUATIONS IN AN /&$- SYMBOL
USING ALL PILOTS� (OWEVER� WHEN USING ALL PILOTS� THE COMPLEXITY REDUCTION IS NOT SO LARGE
THAT IT CAN COMPETE WITH A SHORT &)2 7IENER çLTER� 4HE NUMBER OF MULTIPLICATIONS PER
ATTENUATION IS �SEE !PPENDIX !	

Q

t
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*
O

*
G

u
�

WHERE Q IS RANK USED� *
G

AND *
O

ARE THE NUMBER OF ATTENUATIONS TO ESTIMATE AND NUMBER
OF PILOTS USED� RESPECTIVELY� 3INCE PILOTS FAR AWAY FROM THE ESTIMATED ATTENUATIONS ARE

��



WEAKLY CORRELATED� THEY DO NOT CONTRIBUTE MUCH TO THE ESTIMATE� "Y EXCLUDING THEM�
THE COMPLEXITY GOES DOWN WHILE THE PERFORMANCE IS ALMOST THE SAME� (ENCE� THE /&$-
SYMBOL IS PARTITIONED INTO A NUMBER OF SUB
SYMBOLS� WHERE THE ATTENUATIONS ARE ESTIMATED
USING ONLY THE *

O

PILOTS CLOSEST TO THE SUB
SYMBOL CONSISTING OF *
G

SUBCARRIERS ;�=� )N
&IGURE ���� AN EXAMPLE IS SHOWN FOR *

G

� � CHANNEL ATTENUATIONS AND *
O

� � PILOTS�
,OW
RANK APPROXIMATIONS CAN BE DONE FOR THE TIME
DIRECTION çLTERING AS WELL� BUT IN THIS
REPORT WE HAVE CHOSEN TO USE AN &)2 çLTER INSTEAD�

&IGURE ���� 3TRUCTURE OF THE LOWÔRANK ESTIMATOR IN THE FREQUENCY DIRECTION� 4HE *
G

� �
ATTENUATIONS TO ESTIMATE ARE MARKED WITH �b	� AND THE *

O

� � PILOT SYMBOLS USED ARE
MARKED WITH �d	�

7E CHOSE� FOR THE LOWER COMPLEXITY� TO ESTIMATE �� ATTENUATIONS IN THE FREQUENCY
DIRECTION USING � PILOTS AND A RANK OF �� 4HIS RESULTS IN � �� 
 ����� � ��� MULTIPLICATIONS
PER ATTENUATION IN THE FREQUENCY DIRECTION� #OMBINED WITH A �
TAP TIME çLTER� THIS GIVES
A TOTAL OF

"
LOW

�
���

�

 � � ���

MULTIPLICATIONS PER ATTENUATION� &OR THE HIGHER COMPLEXITY WE USED �� PILOTS TO ESTIMATE
� ATTENUATIONS WITH A RANK OF �� 4OGETHER WITH A TIME çLTER WITH � TAPS� THIS GIVES

"
HIGH

�
�
`
� 
 ��

�

a
�


 � � ��� �

MULTIPLICATIONS PER ATTENUATION�
4HE FOUR INVESTIGATED ESTIMATORS ARE SUMMARIZED IN 4ABLE ����

%STIMATOR 3TRUCTURE � MULT��ATT� � PILOTS
�
$ 5SES THE *

O

CLOSEST PILOTS *
O

*
O

,OW
RANK �
$ %STIMATES *
G

ATTENUATIONS USING Q
r
� 
 *

O

*

G

s
*

O

*
O

PILOTS AND A RANK OF Q
3EPARABLE 3EPARABLE &)2 çLTER WITH *

E

*

E

-

S


*
S

*
E

*
S

�FREQUENCY	 AND *
S

�TIME	 TAPS

,OW
RANK %STIMATES *
G

ATTENUATIONS USING Q

-
S

r
� 
 *

O

*

G

s

*

S

*
O

*
S

SEPARABLE *
O

PILOTS AND A RANK OF Q �FREQUENCY	
AND *

S

TAPS &)2 çLTER �TIME	

4ABLE ���� 4HE FOUR CHANNEL ESTIMATORS INVESTIGATED IN THIS REPORT�

��



��� #OMPLEXITY AND USED PILOTS

3INCE ALL ESTIMATORS ARE LINEAR� THE CHANNEL ESTIMATES ARE LINEAR COMBINATIONS OF A NUMBER
OF PILOTS� 4HE NUMBER OF PILOTS USED DEPENDS ON THE COMPLEXITY AND THE TYPE OF ESTIMATOR�
4HE AVERAGE NUMBER OF MULTIPLICATIONS PER ATTENUATION AND THE NUMBER OF PILOTS THE
ESTIMATORS ARE BASED ON� ARE SHOWN IN 4ABLE ���� 4HE ESTIMATORS USE THE PARAMETERS
DESCRIBED IN THE PREVIOUS SECTION� !S CAN BE SEEN IN THE TABLE� FOR A çXED COMPLEXITY
THE NUMBER OF PILOTS USED IN THE ESTIMATES CAN BE INCREASED BY POSING RESTRICTIONS ON THE
ESTIMATORS� SUCH AS SEPARABILITY AND LOW RANK� (OWEVER� BECAUSE A LARGE NUMBER OF PILOTS
ARE USED� MANY WILL BE ONLY WEAKLY CORRELATED WITH THE ESTIMATED CHANNEL ATTENUATIONS
AND WILL NOT� THEREFORE� CONTRIBUTE MUCH� 4HUS� CONSIDERING CORRELATION MISMATCH IN THE
DESIGN� THE ESTIMATION MAY ACTUALLY BE DEGRADED BY INCREASING THE NUMBER OF USED PILOTS�
4HE MAIN ADVANTAGE OF USING MANY PILOTS IS THAT THE IMPACT OF THE CHANNEL NOISE IS
REDUCED BY A LARGE AVERAGING�

%STIMATOR ,OW COMPLEXITY (IGH COMPLEXITY
� MULT��ATT� � PILOTS � MULT��ATT� � PILOTS

�
$ � � �� ��
,OW
RANK �
$ ��� �� ���� ��
3EPARABLE &)2 ���� �� ����� ���
,OW
RANK SEPARABLE ��� �� ���� ���

4ABLE ���� !VERAGE NUMBER OF MULTIPLICATIONS PER TONE AND THE NUMBER OF PILOTS THE
ESTIMATORS ARE BASED ON�

��� $ESIGN ASPECTS

)N ORDER TO MAKE THE CHANNEL ESTIMATORS ATTRACTIVE TO IMPLEMENT� WE ASSUME THAT THEY
ARE çXED� I�E�� DESIGNED FOR BOTH A çXED CHANNEL CORRELATION AND A çXED 3.2�

4HE FREQUENCY CORRELATION IS DETERMINED BY THE POWER DELAY PROçLE OF THE CHANNEL
;�= AND THE TIME CORRELATION IS DETERMINED BY THE $OPPLER FREQUENCY ;��=� .EITHER THE
POWER DELAY PROçLE� NOR THE $OPPLER FREQUENCY� ARE KNOWN BY THE RECEIVER� 5SING OUR
CHANNEL MODEL WE DESIGN THE ESTIMATORS FOR A MAXIMUM RELATIVE $OPPLER FREQUENCY OF ��
AND A UNIFORM POWER
DELAY PROçLE OVER THE LENGTH OF THE CYCLIC PREçX� 4HE USE OF THESE
WORST CASE PARAMETERS FOLLOWS THE RECOMMENDATIONS IN ;�=� WHERE PILOT
SYMBOL ASSISTED
MODULATION IS ANALYZED� &OR THE DETERMINATION OF THE CORRELATION MATRICES� SEE !PPENDIX
"� #ONTRARY TO THE WORST CASE RECOMMENDATIONS FOR çXED DESIGN CORRELATIONS� THE çXED
DESIGN 3.2 SHOULD BE CHOSEN TO A BEST CASE� 4HIS IMPLIES A CLOSE TO OPTIMAL PERFORMANCE
FOR 3.2S BELOW THE DESIGN 3.2 WHERE THE EdECTS OF 3.2 MISMATCH ARE SMALL COMPARED
TO THE OVERALL NOISE LEVEL� 7E HAVE CHOSEN THE DESIGN 3.2 TO �� D"�

7E EVALUATE THE ESTIMATORS UNDER MISMATCH� I�E�� THEY ARE DESIGNED FOR THE WRONG
CHANNEL CORRELATION AND 3.2� 0ARAMETERS FOR THE DESIGN AND THE TRUE VALUES OF THE CHANNEL
STATISTICS ARE SHOWN BELOW IN 4ABLE ���� .OTE THAT THERE IS NO MISMATCH IN $OPPLER
FREQUENCY� 'IVEN THE DESIGN FOR � � RELATIVE $OPPLER FREQUENCY� THE PERFORMANCE IS

��



APPROXIMATELY THE SAME FOR E
#�MAX

v � � ;�=� 4HE 3.2 IS DEçNED AS THE TRANSMITTED
ENERGY PER DATA BIT OVER THE CHANNEL NOISE VARIANCE�

2-1 �
$
hJG

J

J�i$ hJW
J

J�i
$
hJM

J

J�i a �
A
�

WHERE A DENOTES THE NUMBER OF INFORMATION BITS�SYMBOL� )N OUR CASE WE HAVE A � ��

0ARAMETER 4RUE $ESIGN
.O� OF SUBCARRIERS ���� ����
4IME DISPERSION �� xS �� xS

0OWER DELAY PROçLE
|

"D`~����xR � � ~ � 3
BO

� OTHERWISE

|
��3

BO

� � ~ � 3
BO

� OTHERWISE
-AX� REL� $OPPLER FREQUENCY �� ��
3.2 6ARYING �� D"

4ABLE ���� $ESIGN AND TRUE VALUES OF SYSTEM PARAMETERS� 4HE CONSTANT " IS A NORMALIZA

TION FACTOR�

��



#HAPTER �

0ERFORMANCE EVALUATION

7E EVALUATE THE PERFORMANCE OF THE FOUR INVESTIGATED ESTIMATORS BOTH IN TERMS OF MEAN

SQUARED ERROR �-3%	 AND CODED BIT
ERROR RATE �"%2	� 4HE -3% IS THEORETICALLY CALCULATED
WHILE THE "%2 IS SIMULATED� 4O SIMPLIFY THE -3% CALCULATIONS� WE IGNORE EDGE EdECTS IN
THE TIME
FREQUENCY GRID AND ASSUME THAT IT IS OF INçNITE EXTENT� &OR A SYSTEM WHERE THE
NUMBER OF SUBCARRIERS IS MUCH LARGER THAN THE LENGTH OF THE ESTIMATOR� THESE EdECTS CAN
BE IGNORED�

��� -EAN
SQUARED ERROR

3INCE ALL ESTIMATORS ARE LINEAR THEY CAN BE EXPRESSED AS

BG � &O

BY COLLECTING ALL USED PILOTS IN A VECTOR O AND CALCULATING THE CORRESPONDING ESTIMATOR
MATRIX &� 4HE COVARIANCE MATRIX OF THE ERROR D � G` BG CAN BE EXPRESSED AS ;�=

1DD � 1GG `1GO&
' `&1'

GO

&1OO&

' � ����	

&OR ALL ESTIMATORS THERE WILL BE DIdERENT MEAN
SQUARED ERRORS DEPENDING ON THE ESTIMATED
ATTENUATION� )N ORDER TO COMPARE THE ESTIMATORS� WE ONLY LOOK AT THE AVERAGE ERROR OVER
ALL ATTENUATIONS� I�E�

-3% �
�

*
G

*

G8
M��

1DD�M� M� �
�

*
G

TR �1DD� �

WHERE *
G

IS THE NUMBER OF ESTIMATED ATTENUATIONS AND ÚTRÚ DENOTES THE TRACE OF A MATRIX
;��=�

)N &IGURE ��� THE -3% FOR THE ESTIMATORS WITH THE LOWER COMPLEXITY LEVEL ARE SHOWN
AS A FUNCTION OF 3.2� )T SHOULD BE NOTED THAT THE NON
SEPARABLE ESTIMATORS HAVE AN ERROR
âOOR THAT IS ALREADY VISIBLE AT LOW 3.2� &OR THE SEPARABLE ESTIMATORS THE ERROR CURVES LEVEL
OUT FOR VERY HIGH 3.2S� BUT THIS ERROR âOOR IS HARDLY NOTICEABLE IN THE çGURE� "ECAUSE
THERE WILL ALWAYS BE AN INTERPOLATION ERROR� EVEN IN THE NOISELESS CASE� ALL THE ESTIMATORS

��



&IGURE ���� -EAN
SQUARED ERROR �RELATIVE TO CHANNEL POWER	 FOR THE FOUR ANALYSED ESTIMA

TORS WITH THE LOWER COMPLEXITY �� MULTIPLICATIONS PER TONE	�

&IGURE ���� -EAN
SQUARED ERROR �RELATIVE TO THE CHANNEL POWER	 FOR THE FOUR ANALYSED
ESTIMATORS WITH THE HIGHER COMPLEXITY ��� MULTIPLICATIONS PER TONE	�

��



HAVE AN ERROR âOOR� 4HIS IS DUE TO çNITE çLTER LENGTHS� &OR 2-1 � �� D"� THE LOW
RANK
SEPARABLE ESTIMATOR IS ��� D" BETTER THAN SEPARABLE &)2 çLTERS�

4HE -3%
CURVES FOR THE HIGHER COMPLEXITY ARE SHOWN IN &IGURE ���� 4HE ERROR âOORS
HAVE NOW BEEN LOWERED AND ARE ONLY NOTICEABLE FOR THE �
$ ESTIMATOR� .OTE ALSO THAT
THE MUTUAL ORDERING IS THE SAME AS FOR THE LOWER COMPLEXITY� I�E� THE LOW
RANK SEPARABLE
ESTIMATOR IS THE BEST AND THE �
$ ESTIMATOR IS THE WORST� 4HE DIdERENCE BETWEEN THE LOW

RANK SEPARABLE ESTIMATOR AND SEPARABLE &)2 çLTERS IS NOW ABOUT ��� D"� )N BOTH &IGURES�
��� AND ��� IT CAN BE SEEN THAT SEPARABLE ESTIMATORS PERFORM BETTER THAN NON
SEPARABLE�
4HIS WAS NOTED IN ;�=� WHERE IT WAS ARGUED THAT SEPARABLE ESTIMATORS PROVIDE A GOOD
TRADE
Od BETWEEN COMPLEXITY AND PERFORMANCE�

��� "IT
ERROR RATE
4HE ESTIMATORS HAVE BEEN SIMULATED IN THE CODED SYSTEM� )N &IGURE ��� THE CODED "%2 IS
SHOWN FOR THE ESTIMATORS WITH THE LOWER COMPLEXITY �{� MULTIPLICATIONS PER ATTENUATION	�
!S A REFERENCE� A SYSTEM WITH PERFECT KNOWLEDGE OF THE CHANNEL AT THE RECEIVER IS INCLUDED�
!S OBSERVED ABOVE� ALL ESTIMATORS SUdER FROM AN ERROR âOOR� WHICH APPEARS DUE TO THE
INTERPOLATION� )N &IGURE ��� THIS IS ONLY NOTICEABLE FOR THE �
$ ESTIMATOR� 4HE OTHER
ESTIMATORS DO NOT HAVE THIS DRAWBACK FOR 2-1 � �� D" AND THEY PERFORM BETTER� )T IS
ALSO NOTICEABLE THAT ESTIMATORS THAT PERFORM WELL IN TERMS OF -3% ALSO HAVE A LOW "%2�
WHICH IS EXPECTED� 4HE BEST ESTIMATOR IS THE LOW
RANK SEPARABLE ESTIMATOR� WHICH IS ONLY
ABOUT ��� D" WORSE THAN KNOWN CHANNEL AND ��� D" BETTER THAN SEPARABLE &)2 çLTERS�
.OTE THAT FOR -3%� THIS LATTER DIdERENCE WAS ��� D"�

)N &IGURE ���� THE "%2 CURVES FOR THE ESTIMATORS WITH THE HIGHER COMPLEXITY ARE
SHOWN� !GAIN� THE "%2 WITH KNOWN CHANNEL IS INCLUDED AS A REFERENCE�

4HE LOW
RANK SEPARABLE ESTIMATOR IS NOW ONLY ��� D" AWAY FROM KNOWN CHANNEL AND
STILL ABOUT ��� D" BETTER THAN SEPARABLE &)2 çLTERS� )N THIS çGURE WE NOTE THAT THE PER

FORMANCE OF ALL ESTIMATORS HAS INCREASED� BUT THE ORDERING BETWEEN THEM IS NOT CHANGED�
I�E�� THE LOW
RANK SEPARABLE ESTIMATOR IS THE BEST AND THE �
$ IS THE WORST� 4HE INVESTIGA

TION HERE SUGGESTS THAT THIS HOLDS FOR MOST COMPLEXITY LEVELS� (OWEVER� FOR OTHER TYPES OF
CHANNELS AND SCENARIOS �SUCH AS THE UPLINK	� ANOTHER ESTIMATOR MIGHT BE BETTER� 3EPARATE
STUDIES ARE REQUIRED FOR THESE CIRCUMSTANCES�

��



&IGURE ���� #ODED BIT
ERROR RATE WITH THE LOW
COMPLEXITY ESTIMATORS�

&IGURE ���� #ODED BIT
ERROR RATE WITH THE HIGH
COMPLEXITY ESTIMATORS�

��



&INALLY� THE TWO LEVELS OF COMPLEXITY FOR THE LOW
RANK SEPARABLE ESTIMATOR �WHICH WAS
SHOWN TO BE THE BEST	 ARE COMPARED TO KNOWN CHANNEL� )N &IGURE ��� IT CAN BE SEEN
THAT THE LOW AND HIGH COMPLEXITY ESTIMATORS ARE ABOUT ��� D" AND ��� D" AWAY FROM
KNOWN CHANNEL� RESPECTIVELY� 4HE "%2 WILL DECREASE WITH INCREASING COMPLEXITY� BUT TO
GET REALLY CLOSE TO THE PERFORMANCE OF KNOWN CHANNEL� A VERY HIGH COMPLEXITY IS NEEDED�
4HIS PROMPTS AN ANALYSIS OF THE TRADE
Od BETWEEN COMPLEXITY AND PERFORMANCE� BUT THIS
IS BEYOND THE SCOPE OF THIS REPORT�

&IGURE ���� "%2 OF KNOWN CHANNEL AND THE SEPARABLE LOW
RANK ESTIMATOR OF LOW COMPLEX

ITY �� MULT��ATT�	 AND HIGH COMPLEXITY ��� MULT��ATT�	�

��
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#HAPTER �

#ONCLUSIONS

)N THIS REPORT WE HAVE INVESTIGATED FOUR /&$- CHANNEL ESTIMATORS SUITABLE FOR BROAD

CASTING OR FOR THE DOWNLINK IN A MULTIUSER SYSTEM� 4HE ESTIMATORS USE PILOTS� I�E�� KNOWN
SYMBOLS TRANSMITTED IN CERTAIN POSITIONS IN THE TIME
FREQUENCY GRID OF /&$-� 4WO CLASSES
OF ESTIMATORS� �
DIMENSIONAL AND SEPARABLE� WERE INVESTIGATED� 7ITHIN EACH CLASS WE COM

PARED AN &)2 7IENER çLTER WITH A LOW
RANK ,--3% ESTIMATOR� 4HROUGH ANALYTICAL CAL

CULATIONS OF THE -3% AND SIMULATION OF THE CODED "%2� IT WAS FOUND THAT THE SEPARABLE
ESTIMATORS WERE THE BEST FOR A çXED COMPLEXITY� 7ITHIN THE CLASS OF SEPARABLE ESTIMATORS�
THE LOW
RANK ESTIMATOR WAS SHOWN TO BE ABOUT ��� D" BETTER THAN THE &)2 ESTIMATOR FOR
THE CODED "%2� 4WO LEVELS OF COMPLEXITIES WERE INVESTIGATED� � AND �� MULTIPLICATIONS
PER ESTIMATED ATTENUATION� AND IT WAS FOUND THAT FOR THE CODED "%2� THE FORMER IS ��� D"
FROM KNOWN CHANNEL AND THE LATTER ��� D"� ! NATURAL CONTINUATION OF THIS INVESTIGATION
OF CHANNEL ESTIMATION IN /&$- SYSTEMS IS A MORE COMPREHENSIVE STUDY OF THE TRADE
Od
BETWEEN COMPLEXITY AND PERFORMANCE�

7E HAVE USED A PILOT PATTERN WHERE �� OF THE TRANSMITTED SYMBOLS ARE KNOWN� 4HIS
PILOT PATTERN IS SUbCIENT TO OBTAIN GOOD ESTIMATIONS OF THE CHANNEL ATTENUATIONS� WHILE
INTRODUCING ONLY A SMALL OVERHEAD� 7E HAVE ASSUMED THAT THE RECEIVER CAN USE ALL PILOT
SYMBOLS THAT ARE TRANSMITTED� 'ENERALLY� THIS IS NOT THE CASE IN THE UPLINK IN A MULTIUSER
SYSTEM� WHERE THE CHANNEL ESTIMATION CAN BE BASED ONLY ON PILOTS TRANSMITTED BY A SINGLE
USER� (ENCE� FOR THE UPLINK A SEPARATE STUDY MUST BE MADE TO INVESTIGATE THE PERFORMANCE
OF THE CHANNEL ESTIMATORS�
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!PPENDIX !

#OMPLEXITY OF LOW
RANK ESTIMATORS

4HE LOW
RANK �
$ ESTIMATOR CAN BE FORMULATED AS

BG � &
Q

O �
Q8

J��

F
J

F'
J

O �
Q8

J��

HF
J

�OIF
J

�

SINCE &
Q

IS A RANK
Q MATRIX� 4HE INNER PRODUCTS HF
J

�OI REQUIRE *
O

MULTIPLICATIONS EACH�
I�E� A TOTAL OF Q*

O

MULTIPLICATIONS� 4HE LINEAR COMBINATION IS OVER Q VECTORS OF LENGTH *
G

�
I�E� REQUIRES Q*

G

MULTIPLICATIONS� 3INCE *
G

ATTENUATIONS ARE SIMULTANEOUSLY ESTIMATED�
THE NUMBER OF MULTIPLICATIONS PER ATTENUATION BECOMES

Q*
O
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*
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� Q

t
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*
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*
G

u
�
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!PPENDIX "

#ORRELATION MATRICES

4HE AUTO
CORRELATION OF THE CHANNEL MODEL ����	 IS

1
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3INCE ALL RANDOM VARIABLES ARE INDEPENDENT� WE HAVE
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I�E�� THE CHANNEL CORRELATION IS SEPARABLE� 4HE EXPECTATIONS CAN BE FOUND FROM STANDARD
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