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Noise Behavior of Microwave Amplifiers Operating
Under Nonlinear Conditions
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Abstract—The noise behavior of microwave amplifiers operating
under a large-signal condition has been studied in this paper. A
Gaussian noise is added to a microwave signal and they are applied
at the input of several amplifying devices. Experimental data show
a decrease of the output noise spectral density when the power of
the microwave signal at the input of the devices increases due to
the compression of the amplifiers. A distortion component due to
the interaction of the signal and its harmonics with the noise is also
demonstrated from a simplified theoretical model. The statistical
properties of the signal and the noise have also been investigated in
order to verify the Gaussianity of the noise at the output of the non-
linear circuits. We have also observed that the majority of the mea-
sured devices show some variations of their additive noise versus
the input power level.

Index Terms—Microwave amplifiers, noise measurements,
nonlinear device, signal and noise, spectral analysis.

I. INTRODUCTION

THE mathematical theory of random signals and noise in
nonlinear devices has been intensively investigated [1]–[7].

It was applied to the case of square-law detectors, half-wave
linear detectors, or amplitude limiters. The effects of noise have
been also studied in traveling-wave tube amplifiers [8] and in FM
systems [9], [10]. Some of the studies concern only Gaussian
noise at the input of the devices [5]–[7], while others rely on
the addition of a signal and Gaussian noise [1]–[4]. In the latter,
the particular case of a sine wave has also been studied.

However, all approaches remain theoretical and suffer from
a lack of experimental data. A simple technique to characterize
the noise figure (NF) of various silicon-based bipolar transistors
has recently been proposed [11] when the devices are operated
under nonlinear conditions. The results showed that the NF in-
creases when the power at the input of the transistors increases
and that the measured values are strongly correlated to the ones
of the measured residual phase noise. The dependence of the NF
on the input power of the signal has been also outlined in [12]
and a new definition of the NF (noise and distortion figure) has
been proposed by other authors [13]. The noise behavior of mi-
crowave amplifiers operating under nonlinear conditions must
be accurately analyzed in order to evaluate the desensitization
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Fig. 1. Theoretical model used to calculate the power spectrum at the output
of the nonlinear device.

of RF receivers [14], [15]. This also becomes a critical point
for each new generation of mobile phones [16] or in the case of
multistandards systems. Indeed, some of the noise and signal at
the output of the power amplifier can be coupled, through the
duplexer, to the low-noise amplifier (LNA) input. The transmit
signal, acting as an interferer, further increases the NF of the
LNA, and this point needs careful investigations. There is also a
special concern for assessing residual phase noise of microwave
devices [11], [17] in order to design low-noise oscillators: in this
case, the interaction of the input signal with noise is essential.
Thus, we propose in this paper to investigate the noise properties
of a few different microwave amplifiers operating under non-
linear conditions from both a theoretical and an experimental
point-of-view.

Section II is then dedicated to the theoretical analysis and
some general results are reported. The measurement technique
proposed in [11] has been refined and is described in Section III.
Moreover, time-domain measurements are reported in order to
study the statistical properties of the signal and noise. The vari-
ations of the additive noise of the amplifiers versus the input
power are analyzed with the help of frequency-domain mea-
surements. Finally, Section IV presents the comparison between
experimental data and theoretical results. The variations of the
additive noise versus the input power of the amplifiers are then
investigated.

II. THEORETICAL ANALYSIS

The theoretical model of the investigated system is repre-
sented in Fig. 1. A white Gaussian noise delivered by a noise
source passes through a low-pass filter (LPF) featuring an equiv-
alent noise bandwidth . The noise featuring a constant
power spectral density (PSD) over the bandwidth is then
added to the signal , which is assumed to be sinusoidal as
follows:

(1)

and represent the amplitude and angular frequency of the
sine wave, respectively. The power spectrum of at the input
of the nonlinear device is given in Fig. 2.
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Fig. 2. Power spectrum of x(t) at the input of the nonlinear device.

The frequency of the signal is arbitrarily chosen greater
than the noise bandwidth in order to suit the experimental re-
quirements. This can also correspond to the practical case where
an interferer or a blocking signal is close, but outside the re-
ceiver bandwidth. The model given in Fig. 1 is close to the test
set described in Section III-A where both the amplitude of the
signal and the input noise spectral density can be varied.

The problem is to determine the power spectrum at
the output of the device. For that purpose, the nonlinear cir-
cuit, supposed to be memoryless, is represented by the following
expression:

(2)

where are the coefficients of the polynomial. This type of ex-
pression is generally used to describe nonlinearities even if it is
well known that it cannot fully describe the complex nonlinear
behavior of microwave amplifiers. The nonlinear device is as-
sumed noiseless in a first step. The additive noise contributed
by the noise sources located inside the two-port will be taken
into account in Section IV. The theoretical analysis is then con-
centrated on the impact of an external noise entering a nonlinear
device in the presence of a large sinusoidal signal. The degree

of the polynomial is fixed at 3 in order to reduce the length of
the mathematical derivation, which is decomposed in two steps.
In the first one, the autocorrelation function is calculated. The
output spectrum is then expressed in the second step.

A. Autocorrelation Function

The autocorrelation function of the output signal is
calculated using the direct method [3]

(3)

where is the expected value or the statistical average. As-
suming and ,
where subscripts 1 and 2 are related to the variables and ,
respectively, (3) can be rewritten as

(4)

The autocorrelation function is then composed of six compo-
nents, which are derived using the fact that the signal and noise
are statistically independent and that the expected values of ,

, , and are 0.

Furthermore, it can be easily found that, in the case of a sine
wave and assuming ergodic process of the signal,
when the sum is an odd number. The same behavior can
also be found for a Gaussian noise, as previously stated in [2]
and [4], i.e., when the sum is an odd number.

The components of can then be expressed as

(5)

(6)

(7)

(8)

(9)

(10)

where corresponds to the vari-
ance of the signal and corre-
sponds to the variance of the noise.

Concerning the signal, the following equations can be easily
obtained:

(11)

(12)

(13)

Concerning the noise, and using Price’s theorem [6], the fol-
lowing equations can be derived, which are in agreement with
[7]:

(14)

(15)

(16)

Equations (11)–(16) are injected into (5)–(10) and the new
expressions are then used to calculate the expression of the au-
tocorrelation function of the output signal

(17)

where the coefficients and are as follows:

(18)

(19)
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Fig. 3. Output noise spectral density S (f) showing the different
components. The dc component and the spectrum related to the signal are not
plotted. f = 3:4 GHz, V = 25 mV, B = 2:3 GHz, and N = kT with
T = 290 K, � = 33:5, � = 70, and � = �1450.

B. Output Spectrum

The PSD of the output signal is obtained by taking the Fourier
transform of the autocorrelation function given by (17)

(20)

represents the Dirac–delta function and the symbol de-
notes the convolution product.

The output spectrum can be decomposed in several compo-
nents [3], [18]. The first term in the first line in (20) corresponds
to the dc component ( ). The last term in the first line and
the second line correspond to the interaction of the signal with
itself ( ). Lines 3 and 4 correspond to the interaction of
the noise with itself ( ). Lines 5–7 in (20) are related
to the interaction of the signal with the noise ( ). The
different convolution products are given in the Appendix .

Fig. 3 represents the different components of the output noise
spectral density ( ) calculated
from (20) and from the different expressions given in the Ap-
pendix . The amplitude of the signal is fixed at 25 mV corre-
sponding to an input power of 22 dBm ( ). The value
of is set to 3.4 GHz and is greater than the noise bandwidth

, which is equal to 2.3 GHz. The input noise power density is
given by , assuming that corresponds to the stan-
dard temperature (290 K) and is the Boltzmann’s constant.
The coefficients are those of amplifier #1 described in Sec-
tion III. All the components appearing in Fig. 3 are normalized
with respect to . It can be seen that the interaction of the
signal with noise impacts in many different bandwidths and that
the noise level rises as the input power increases. The different
components , , and
are overlapping between the frequencies and corre-
sponding to 1.1 and 2.3 GHz, respectively.

It can be shown that several components can be neglected in
the output noise spectrum. The components and

are 100 dB lower than the value corre-
sponding to in the noise bandwidth, while the

component is found to be even more negligible.
This is mainly due to the fact that and are much lower
than . It can also be noted that the variance of the noise ,
which is equal to , is also negligible when comparing its
value to the variance of the signal . This simplifies
the expressions of and given by (18) and (19). There-
fore, if we concentrate on the noise PSD at the output,
can be approximately given as

(21)

III. FREQUENCY- AND TIME-DOMAIN EXPERIMENTAL SETUP,
CHARACTERISTICS OF INVESTIGATED DEVICES,

TIME-DOMAIN RESULTS

Firstly, the frequency-domain experimental setup and proce-
dure is described and some essential characteristics of the ampli-
fiers that will be later measured are given. Secondly, the test-set
modifications needed for time-domain measurements are pre-
sented in order to check the assumption of Gaussianity of the
noise at the output of the different devices.

A. Frequency-Domain Measurements

The experimental setup used to characterize the different am-
plifiers in the frequency domain is reported in Fig. 4. Some dif-
ferences from the one previously described in [11] have been
introduced.

A spectrum analyzer is now used to measure the different har-
monics level at the output of the amplifier. This allows to eval-
uate the output power at 1-dB compression gain ( ) and
to calculate the total harmonic distortion (THD) at the output of
the device-under-test (DUT). The maximum power delivered by
the RF synthesizer at is adjusted for each amplifier in order to
obtain the same nonlinear condition fixed at 3-dB compression
gain. In this case, the THD calculated up to the third harmonic
is close to the one calculated using five harmonics since the de-
viation is less than 0.7% for all the investigated amplifiers.

The LPFs were characterized using a network analyzer in
order to determine their transfer function. The -parameter
of the LPFs exhibits a minimum value ( 60 dB) at a frequency
of 3.4 GHz, which has been chosen for . The power gain is
then modeled (up to ) using the Butterworth function, and
the equivalent noise bandwidth is calculated using the conven-
tional equation [19]. The value of is equal to 2.3 GHz. The
LPF located after the noise source is used in order to match
the experimental test set to the theoretical model reported in
Fig. 1. The same experiment has also been carried out using
a narrow-band filter centered at the same frequency where the
noise is measured: results are essentially unchanged and will not
be addressed further.

The LPF located in the receiver (represented in the dashed
box in Fig. 4) is used to attenuate the RF signal at , ensuring
a linear behavior of the noise receiver. The noise is measured
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Fig. 4. Experimental setup used to determine the noise PSD at the output of the amplifier operating under nonlinear condition.

at a lower frequency (2 GHz), which is compatible with the
different frequency bands of the various microwave elements
used in the setup. This measurement principle is identical to
the one described in [11] and is also used to characterize the
hot small-signal -parameters of microwave power transistors
[20]. The DUT is located between two isolators in order to re-
duce mismatch uncertainties when measuring the noise powers
[21]. The noise and RF signal are combined at the input of the
DUT with the help of a 3-dB hybrid junction. The losses of the
two-port, including the LPF, the 3-dB coupler, and the input iso-
lator, are measured at 2 GHz for appropriate correction in the
NF meter. The same thing is also performed for the two-port
located between the RF synthesizer and the isolator output at

GHz in order to precisely know the power at the input
of the DUT. The noise receiver is calibrated when the RF signal
is off and without the DUT. The NF meter measures the noise
power at an intermediate frequency of 22 MHz [11] when the
noise source is alternatively off and on and the corrected noise
power spectral densities relative to are then displayed. The
characteristics of the measured amplifiers at 2 GHz are reported
in Table I. The gain and NF are measured under small-signal
conditions (without RF signal). All these devices are commer-
cially available amplifiers and detailed information about their
internal configurations is not available.

B. Time-Domain Measurements

Time-domain measurements are performed with the help of a
6-GHz bandwidth digital oscilloscope that has been substituted
for the NF meter and spectrum analyzer of Fig. 4 at the DUT
output. The statistical properties of the signal and the noise at
the output of the DUT can then be investigated. Two basic ex-
periments are first performed.

The first of these consists of measuring the signal delivered
by the RF synthesizer and of calculating its probability den-
sity function (PDF). In the second experiment, we determine
the PDF of the signal plus the noise combined within a 3-dB
hybrid junction. The noise source is on and is amplified using
a broad-band LNA (10 kHz–1 GHz) in order to be larger than
the noise level of the oscilloscope. The results are reported in
Fig. 5(a) and (b). 800 000 points are used in the statistical anal-
ysis and the width of the classes in the different histograms is
limited by the sensibility of the oscilloscope.

The PDF of the sinusoidal signal reported in Fig. 5(a) is in
agreement with the expected result [19] reported as follows:

(22)

TABLE I
CHARACTERISTICS OF THE MEASURED AMPLIFIERS AT 2 GHz

Fig. 5. PDFs. (a) Sinusoidal signal. (b) Sinusoidal and Gaussian noise. Solid
lines correspond to theoretical expressions.

Fig. 6. PDFs of the noise at the output of amplifier #1. (a) Linear conditions.
(b) Nonlinear conditions.

The maximum value ( ) of the voltage is approximately
10 mV and the calculated value of the density function at 0 V
corresponds to . The PDF of the signal plus the noise
is plotted in Fig. 5(b). The theoretical plot corresponds to
the convolution of the PDF of the signal with the PDF of the
Gaussian noise [22]. The amplitude of the signal is 20 mV and
the standard deviation of the noise is 3 mV. Here, again, a good
agreement is observed between theoretical and measured data.

In a second step, we aim at investigating the behavior of the
noise at the output of a microwave amplifier. Two cascaded LPFs
located after the DUT are used to ensure a better attenuation of
the tone at and at the different harmonics. They are needed in
order to estimate the PDF of the output noise only. If these filters
were not present, the PDF would be modified by the tone and
this would lead to a PDF similar to the one of Fig. 5(b). The re-
sults corresponding to amplifier #1 are reported in Fig. 6(a) and
(b) when the RF signal is off and on, respectively. In the latter,
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Fig. 7. Output noise spectral density S (f) of amplifier #1 versus input
powerP at f = 2GHz. Symbols: measured data. Solid lines:T is constant.
Dashed lines: T is constant.

Fig. 8. Output noise spectral density S (f) of amplifier #2 versus input
powerP at f = 2GHz. Symbols: measured data. Solid lines:T is constant.
Dashed lines: T is constant.

the input power is 10 dBm corresponding to 3-dB compres-
sion gain. The density function of the noise at the output of the
amplifier without any RF signal [see Fig. 6(a)] closely fits the
normal law, which validates the assumption of a Gaussian noise
in the mathematical model of Section II. This result is also con-
firmed when calculating the higher order moments ( and )
of the distribution in order to check the Gaussianity of the noise.

The PDF of the noise at the output of the amplifier operating
under a nonlinear condition is reported in Fig. 6(b) and is again
compared to the normal law. A good agreement is still observed
and a deviation less than 7% is obtained between the theoret-
ical value and the measured one of the fourth-order moment

. It can, therefore, be stated that the statistical properties of
a noise passing through a nonlinear device remain unchanged.
This statement is experimentally verified as long as an efficient
filtering of the tone pumping the nonlinear device is provided.

IV. RESULTS AND DISCUSSION

The experimental results are reported in Figs. 7–10 for the
different amplifiers. The noise power spectral densities relative
to are plotted versus the power at the input of the DUT
( ). The measurements are performed when the noise source
is off and on, corresponding to a noise temperature at the input
of the devices equal to 297 K ( ) and 2625 K ( ), respec-
tively. All the amplifiers exhibit the same behavior. The noise
PSD decreases when increases. For example, we observe in
Fig. 7, a deviation of 7 dB between the small-signal value of
the noise PSD and the value measured (when the noise source

Fig. 9. Output noise spectral density S (f) of amplifier #3 versus input
powerP at f = 2GHz. Symbols: measured data. Solid lines:T is constant.
Dashed lines: T is constant.

Fig. 10. Output noise spectral density S (f) of amplifier #4 versus input
powerP at f = 2GHz. Symbols: measured data. Solid lines:T is constant.
Dashed lines: T is constant.

is on) at dBm, corresponding to the case of 3-dB
compression gain for device #1. It can then be concluded that
the behavior of the signal and the noise are very different, as
previously stated in [23]. This observation is valid for devices
#1–#3. Amplifier #4 exhibits different microwave performances
than the other amplifiers (small gain and high NF), but the har-
monic distortion is very low.

The variations of the noise PSD versus , reported in
Fig. 10, are small compared to the other amplifiers and a devia-
tion of approximately 2.5 dB is observed when the noise source
is on. This indicates that the noise behavior of the devices
operating under nonlinear conditions is closely correlated to
the harmonics level. The experimental results are compared to
the theoretical model. The noise PSD is given from (21) where
the values of and , given in the Appendix,
are calculated in the case where is greater than . The
expression of is then obtained assuming a single-sided
band spectrum for a better comparison with experimental data
as follows:

(23)

This equation indicates that the noise PSD at the output of
the nonlinear device is the sum of three components. The first
one is the consequence of the amplification of the input noise.
It decreases as the input power increases ( ) due to gain
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compression. The second component is related to the interac-
tion, or the mixing, of the noise with the fundamental frequency
of the signal. The last component corresponds to the interaction
of the noise with harmonic 2 of the signal. This last component
becomes higher than the other ones when the device is strongly
nonlinear.

A fraction of the measured output noise is also contributed
by the noise generated inside the device itself, which we call
additive noise. Its PSD ( ) is added to (23) in order to give the
final expression of the output noise PSD, which is compared to
experimental data

(24)

where is given by

(25)

The values of correspond to and when the noise
source is off and on, respectively. The main problem is to deter-
mine the value of the additive noise. A simple solution consists
of determining the value of ( can be written as ,
where is the noise temperature at the output of the ampli-
fier) without any RF signal (or under small-signal condition) and
of considering this value as independent of . This assumption
has been used by other authors [13], [23], but it is not realistic
since the noise is distributed differently along the different ac-
tive devices from the input to the output of the amplifier.

However, two limiting cases can be evaluated. The first one
consists of assuming as a constant (the noise is located at
the output of the amplifier). It corresponds to the solid lines in
Figs. 7–10. In the other case (dashed lines), the noise source
is located at the input of the amplifier (input noise temperature

supposed to be constant) and the additive noise is given by
.

Two sets of coefficients ( constant and
constant) can then be extracted for each amplifier. is deter-
mined under small-signal condition and the coefficients and

are adjusted using a least square function in order to fit the
measured values of when the noise source is on. In that
case, the additive noise ( ) is lower than the noise at the output
of the device due to the amplified noise source ( ). This
is particularly verified for amplifier #2 featuring a low NF. For
this example reported in Fig. 8, the additive noise is negligible
(noise source on) and only one set of coefficients is found. A
constant value of seems to be a good approximation for
this amplifier, but it is not the case for the other devices. As
reported in Fig. 9, amplifier #3 exhibits the opposite behavior
since a constant value of seems to be a valuable assumption
in order to fit the variations of versus when the noise
source is on and off. Amplifiers #1 and #4 show a dependence
of or on the input power . This is also certainly the
case for amplifier #2 for higher than 13 dBm. Our experi-
mental results show that the noise behavior and particularly the
additive noise of the microwave amplifiers operating under non-
linear conditions vary from one device to another. The observed

variations of or versus are certainly due to the dis-
tributed nature of the noise sources and the nonlinearities inside
the amplifiers.

V. CONCLUSION

The impact of input noise on small-signal microwave ampli-
fiers operating under nonlinear conditions has been presented
in this paper. It is the first time, to our knowledge, that experi-
mental results have been reported on this topic.

We have compared the measured values of the output noise
PSD with those given by a model based on the mathematical
analysis of a sinusoidal signal and a Gaussian noise simultane-
ously passing through a nonlinear device. A polynomial model
of the nonlinear amplifier transfer function has been demon-
strated to be efficient in order to predict the interaction of the
noise with the signal and its harmonics.

The statistical properties of the noise have also been studied
showing that it remains Gaussian at the output of the amplifiers
driven into large-signal condition. It has further been found that
the additive noise depends on the input power. This behavior
could be attributed to the distributed nature of both the noise
sources and nonlinearities among the different devices of the
multistages amplifiers.

This last point could be verified in a future study by mea-
suring, for example, cascaded amplifiers with small gain or by
using “homemade” amplifiers where nonlinear models of active
devices are available.

APPENDIX

A. Convolution Products of the Signal

Assuming a sinusoidal signal, the different PSDs are reported
as follows:

B. Convolution Products of the Noise

The convolution between and is given by the
following relation:

where is a temporary variable needed for performing the inte-
gration. Assuming that has the shape given in Fig. 2, the
following equations can be derived:

for

for other frequencies.
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The component is noted and
is given by the following equations:

for

for

for

for other frequencies.

C. Convolution Products of the Signal by the Noise

The convolution product between and is noted
and the following two cases must to be considered for

calculating its expression.

For :

for

and for

for other frequencies.

For :

for

and for

for

for other frequencies.

The component is noted and
the following three cases are considered to derive its expression.

For :

for

and for

for

and for

for

for other frequencies.

For :

for

and for

for

and for

for

for other frequencies.

For :

for

and for

for

for other frequencies.

The component is noted and
the following two cases are considered to derive its expression.

For :

for

and for

for

and for

for other frequencies.

For :

for

and for

for

and for

for

for other frequencies.
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